Abstract. We construct a natural sequence of middle Hankel operators on the Fock space, i.e. operators which are intermediate between the small and big Hankel operators. These operators are connected with the minimal L 2 -norm solution operator to∂ N as well as to the polyanalytic Fock spaces.
Introduction
We denote by L 2 (µ m ) the space of square integrable functions in C with respect to the measure dµ m (z) := 
For an entire function g such that z n g ∈ L 2 (µ m ) (n ∈ N), the big and small Hankel operators with symbolḡ are densely defined on F m by Hḡf = (I − P )(ḡf ) , hḡf = Q(ḡf ) , where f is an analytic polynomial, and P and Q are the orthogonal projections from L 2 (µ m ) onto F m , respectively onto F 0 m = {f : f ∈ F m , f (0) = 0}. 
where f is an analytic polynomial, and P Y is the orthogonal projection from L 2 (µ m ) onto Y . Notice that, for polynomials f , the following holds
Middle Hankel operators on Bergman spaces were considered by Jansson and Rochberg [11] , as well as by Peng, Rochberg and Wu [10] , where interesting properties regarding Schatten classes were studied. There is one notable difference between the behaviour of such operators on Bergman and Fock spaces. Namely, in the Bergman setting the big Hankel operator is bounded if and only if the little Hankel operator is bounded, if and only if the complex conjugate of the symbol belongs to the Bloch space. This makes the characterisation of the boundedness of middle Hankel operators on Bergman spaces trivial. On the Fock space, however, there is a big gap between the class of symbols generating bounded big Hankel operators (which is the space of polynomials of degree one) and that generating bounded little Hankel operators (which is the space of the entire functions f such that |f (z)| e m|z| 2 /4 ). This makes the study of middle Hankel operators on Fock spaces of interest. In this paper we construct in a natural way a sequence of middle Hankel operators on Fock spaces, (H
is bounded if and only if g is a polynomial of degree less than or equal to N. The operators we consider are very much related to the minimal L 2 (µ m )-norm solution operator to the equation
where the above holds in the sense of distributions and f ∈ F m . It is easy to see that, for any polynomial f , the functionz (1) and hence the solution of minimal norm is given by
where
, that is, the Fock space of polyanalytic functions of order N, equivalently
Obviously F 1,m = F m . Polyanalytic Fock spaces and kernels appear naturally in timefrequency analysis as well as in the mathematical analysis of Landau levels [1, 2, 6, 12] . The connections between big Hankel operators and the minimal norm solution operator tō ∂ (i.e. the case N = 1) were previously exploited in [9, 7, 4] .
Inspired by (2), we introduce the following operator
, where f is an analytic polynomial. For N = 1 we recover the big Hankel operator with symbolḡ, which was studied in [3] in several complex variables. The case N = 2 was treated in [8] for monomial symbols. Regarding the boundedness and compactness ofH N g we prove the following 
and Y N = (S N,m ) ⊥ . It is easy to see that
)(f ) = P span{z j z k : 0≤k<j, 0≤j≤N −1} (ḡf ) has finite rank. In particular, it follows that H Y N g is bounded (compact) if and only ifH is not identically zero if g is a non-constant polynomial of degree smaller than N.
Proof of the main result
Theorem 1 will follow from the characterization of the boundedness and compactness of H N z s for s ∈ N. To this end, we begin by explicitly computing the projection on F N,m of the monomialsz s z n , for s, n ∈ N. An orthonormal basis of F N,m (see e.g. [6] ) is given by
are the generalized Laguerre polynomials. For N = 1
we obtain the standard orthonormal basis of F m : e n (z) := e Proof. The result follows by using polar coordinates in Proof. We first notice thatH N z s = 0 for s < N since in this casez s f ∈ F N,m for any analytic polynomial f . We therefore assume that s ≥ N. Using Proposition 1, a simple calculation involving polar coordinates shows that for any p, n ∈ N with p = n we have H N z s e p ,H N z s e n = 0 . Let us now evaluate
In view of Proposition 1 we have 
